Abstract-Emerging micro-power harvester research using smart material components shows viable self-powered devices capable of capturing mechanical motion and converting it into useful electrical energy that can be further used to supply electrical voltage into rechargeable power storage via a power management electronic circuit. The micro-power harvesters using piezoelectric materials cover a wide range of applications for powering thin film battery technology and wireless sensor systems that can be used to monitor the health condition of machines and infrastructure and biomedical implant devices. This research focuses on the development of a novel numerical direct method technique with non-orthonormality based on the electromechanical vector transformation for modelling the selfpowered cantilevered piezoelectric unimorph beam under input base excitation. The proposed finite element piezoelectric unimorph beam equations were formulated using Hamiltonian's principle for formulating the global matrices of electromechanical dynamic equations based on the electromechanical vector transformation that can be further employed to derive the electromechanical frequency response functions. This numerical technique was modelled using electromechanical discretisation consisting of mechanical and electrical discretised elements due to the electrode layers covering the surfaces of the piezoelectric structure, giving the single voltage output. The reduced equations are based on the Euler-Bernoulli beam assumption for designing the typical power harvesting device. The proposed finite element models were also compared with orthonormalised electromechanical finite element response techniques, giving accurate results in the frequency domains.
I. INTRODUCTION
The investigation of piezoelectric power harvesters using mathematical studies plays the important role to model and predict the electrical power output based on the frequency responses and transient time domain behaviour of the structure. Most vibration environments from the machines and infrastructure, including biomechanical human motion give relatively lower amplitude and frequency ranges that can be used for matching the system response from the piezoelectric structure in order to maximise the power output. For this reason, development of analytical studies of the piezoelectric power harvesters has received much attention from researchers. The piezoelectric power harvesters using unimorph and bimorph beams have been investigated using novel analytical studies with different parametric case studies [1] - [5] . However, there are minor concerns in developing the numerical studies of the electromechanical power harvesting devices. The development of finite element analysis for modelling piezoelectric active control systems has made major contributions during the last two decades and these can be used to give fundamental concepts and cross-reference numerical studies to the current energy harvesting research studies. The finite element active control analysis using the laminated smart structure system such as coupled piezoelectric and substructure was formulated using the variational principle [6] , [7] . More details of the active control system using various numerical methods can be found in the published literature reviews [8] . In the power harvesting research area, novel technical concepts of the finite element methods have shown alternative solution techniques for investigating the self-powered MEMS devices using complex geometry of the laminated piezoelectric beams with electrode layers combined with the external circuit components. Only a few of the finite element selfpowered harvester research studies have been investigated by researchers during the last six years [9] - [11] .
Although many researchers have investigated various numerical techniques for developing the governing electromechanical finite element dynamic equations including other numerical solutions, this paper presents novel numerical direct method techniques of the electromechanical finite element analysis for investigating power harvesting frequency response. Here, the research focus is to present derivations of the finite element equations with nonorthonormality based on the electromechanical vector transformation in order to develop the electromechanical frequency response functions (FRFs) for the voltage, current and power harvesting. The proposed studies are compared with the series form of the multimode FRFs derived from the orthonormalised global scalar forms of the electromechanical finite element equations. Finally, the numerical case studies using the numerical convergence studies and frequency responses based on the resistive shunt circuit are presented and discussed, where the results obtained from the two numerical solution techniques show good agreement.
II. FINITE ELEMENT MODELING OF PIEZOELECTRIC ENERGY HARVESTER
In this section, the piezoelectric unimorph beam under base excitation and variable load resistance as shown in Fig. 1 
The total kinetic and potential energy terms can be defined as,
The non-conservative work for the system due to input base excitation and electrical charge output can be written as,
(12) Parameters  and V indicate mass density and volume, respectively. Superscript T denotes the transpose matrix and over-dot represents the differentiation with respect to time.
The Hamiltonian's principle for energy harvesting can then be written as, 
The expression given from Eq. (13) can be further solved by substituting Eqs. (3)- (7) to give the local element matrices of electromechanical dynamic equations by including Rayleigh damping as, (14) where: 
C. Global matrices of electromechanical dynamic equations based on the electromechanical vector transformation
The generalised dynamic equations derived from Eq. (14) can be formulated into the global matrix forms to give, 
where M is global mass matrix, K is global stiffness matrix and C is Rayleigh damping. Other parameters θ P , D P , and F indicate global electromechanical coupling matrices, global capacitance matrices, global mechanical forces, respectively. Moreover, variable i is global current output, u is global mechanical coordinate, and v is global voltage output. In practical standpoint, the electrode layers cover the top and bottom of the piezoelectric material where the physical system only has two wires connected to the two electrode layers resulting in one single voltage output as shown in Fig.  1 . However, for analysing global finite element equations as shown in Fig. 2 , the modelling shows different scenario since the whole structure of the piezoelectric beam consists of the mechanical discretised element and the electrical discretised element (electromechanical discretisation). For this case, the generalised multi-output electrical voltage from each element can be formulated in terms of Kirchhoff's voltage law (KVL) as,
and electrical current using Kirchhoff's current law (KCL) related to global current matrix i can also be formulated as,
(17) Given the characteristic discretised system, equation (14) needs to be modified since the generalised voltage outputs in the global coordinate still show distinct values. To alleviate this issue, the electromechanical transformation  from Eq. (16) can be used to multiply with the electromechanical coupling matrices taken from the fourth term of the first expression in Eq. (15). The operational form can be formulated as,
In addition, the second expression of the global matrices from Eq. (15b) must also be modified by multiplying the electromechanical vector transformation  at both sides of Eq. (15b) and introducing the electrical vector transformation at the second term of Eq. (15b), the results of which can be formulated as,
( The multi-mode FRFs of the electric current output related to the input base transverse excitation can also be formulated by dividing the voltage response with the load resistance to yield, 
B. Orthonormalised electromechanical finite element modelling
Other new techniques for solution of electromechanical finite element vibration equations as shown in section 2 can be developed using the orthonormalised scalar forms of electromechanical dynamic equations. These techniques can be useful in making comparisons with the proposed current model. The solution form of Eq. (15) can be stated using time-dependent displacement in terms of the normalised modal vector and time-dependent displacement generalised coordinate as,
, (24) where the normalised modal matrix can be formulated as,
(25) Parameters  and U represent a set of the normalised modal matrix and generalised eigenvector, respectively. The eigenvector reduced from the undamped mechanical dynamic equation, is a mechanical shape of natural mode that can be used to formulate the orthogonality property. The undamped mechanical dynamic equation depends on the mechanical properties from the stiffness and mass matrices. Substituting Eq. (24) into Eq. (15) and premultiplying the result by T  in order to diagonalise the mass, stiffness and damping matrices and simplifying the numerical technique, provides the formulations, 
(27) Orthonormalised parameters from Eq. (27) can be stated as,
(28) It should be noted that equations (28a) and (28b) represent the orthonormality property of mechanical dynamic equations, the results of which indicate diagonal matrices. Equation (27) can be further simplified into global scalar form of the electromechanical dynamic equations in order to formulate the series form of the multimode frequency response function. In this case, the first form of the discretised electromechanical piezoelectric dynamic equation can be formulated for the multi degree of freedom (multimode) 
The second form of the discretised electromechanical piezoelectric dynamic equation can be formulated as,
As stated previously, the piezoelectric surface is covered evenly by the electrode layers. Therefore, electromechanical equations should be based on the electromechanical discretisation as shown in Fig. 1b . Since the proposed equations are formulated in the global scalar form, here the internal parallel connection in terms of the electrical discretised elements using the Kirchhoff's voltage law (KVL) and Kirchhoff's current law (KCL) must be formulated in the scalar form as,
Voltage output related to the external load resistance can be formulated as,
To formulate multimode frequency response functions of the distributed piezoelectric unimorph, the first step is to modify the first term of Eq. The convergence study shows the very important aspect that can be used to achieve better accuracy of the numerical results. Here, the purpose of presenting the convergence study as shown in Fig. 3 is to show the trend of the frequency responses for each mode based on the increasing number of elements. The results shows that increasing the number of elements changes the resonance frequency value for each mode. After 10 or 15 elements only, very minor frequency changes were seen for the first three modes. Therefore, the unimorph with 50 discretised elements should be sufficient for modelling and investigating the FRFs of the first two modes as shown in the next stage.
As previously mentioned, the proposed numerical direct method techniques with non-orthonormality were compared with the orthonormalised electromechanical finite element response techniques. The results show that electromechanical frequency responses of the system have similarities between two different methods. Starting with the electrical voltage FRF as shown in Fig. 4 , the trends of the two numerical methods for the electrical voltage amplitudes under variable load resistance show very good agreement and the amplitudes increase from short to open circuit load resistances, followed by a frequency shift. This occurs especially at the first mode where the second mode of frequency response seems to stay at a constant resonance frequency with increasing amplitudes. By inspecting the two enlarged views from Moreover, the current FRF under variable load resistance as shown in Fig. 5 appears to have the opposite trend to that of the voltage FRFs where the current magnitudes decrease monotonically with increasing load resistance values. Again, the two different numerical methods consistently show good agreement. It is important to note here that the actual short circuit load resistance approaches to zero, that, however, cannot be used for making the comparison between theoretical and experimental studies since the voltage FRF will be zero and the displacement response cannot be identified [2] . From that reason, the short circuit load resistance can be achieved at the certain lowest values such as 100 Ω, as presented in this paper. In aforementioned statement, the electromechanical frequency responses of the voltage and current have the opposite behaviour when load resistances change where the maximum voltage amplitude can be seen in the highest load resistance whereas the maximum current amplitude can be achieved at the lowest load resistance (short circuit). However, such situation clearly does not appear in the power output FRFs as shown in Fig. 6 where the maximum power output at the first mode does not necessarily depend on the short or open circuit load resistance. For this case, the maximum power output response appeared when the resistance value coincides with load resistance of 32 kΩ at the frequency of 89.92 Hz. Meanwhile, the maximum power output at the second mode appears at the resonance of 561.5 Hz when the load resistance approaches to 10 kΩ.
V. CONCLUSION
This paper discussed novel numerical techniques for modeling a piezoelectric unimorph power harvester derived by using the matrix electromechanical dynamic equations based on the electromechanical vector transformation. The proposed model was also compared using the orthonormalised global scalar forms of electromechanical dynamic equations. The result shows that the multimode frequency responses of the voltage, current and power under variable load resistance using the two numerical methods show good agreement. The benefit of using the numerical techniques is to analyse the multi-level piezoelectric power harvesters with complex geometry and different scalability of MEMS structure where such techniques can alleviate the tedious solutions required by the analytical techniques.
